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Abstract. Let R be a discrete valuation ring, and K its fraction field. In 1967, Raynaud initiated the notion of maximal
R-model for torsors over K , and it was further developed by Lewin-Ménégaux. In this paper, motivated by a conjectural
ramification theory for infinitesimal torsors, we investigate this notion of maximal model in greater detail. We prove the
maximality, the compatibility along inductions, and an existence result for group schemes of semi-direct products.
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1 Introduction
In the book of Serre [Se79], the classical ramification theory of local fields is well-documented. The assumption
of residue field being perfect is crucial in this classical theory. In the need of pursuing ramification theory
for higher dimensional schemes, Abbes and Saito (cf. [AS02], [AS03], [Sa12]) have developed the ramification
theory for local fields with possibly imperfect residue field, using techniques of rigid analytic geometry. Later
on, Saito [Sa19] also gave a schematic approach. This more general theory is adapted in the later works (cf.
[KS08], [KS13]) of Kato and Saito on ramification theory of higher dimensional varieties over perfect fields and
local fields.
Ramification of finite separable extensions of local fields with possibly imperfect residue field is well-
understood by now, thanks to the theory of Abbes–Saito. The motivation of this paper is, what about arbitrary
finite extensions of local fields? For example, if the local field has positive characteristic, there are many insep-
arable extensions which cannot be recognized in the absolute Galois group. Do they have a reasonable theory
of ramification? In order to talk about this question, we have to make certain things clear. First, what does
it mean by “Galois” for inseparable extensions? In the classical setting, the Galois group GL/K of a Galois
extension L/K of local fields acts on L, and it makes the scheme Spec(L) a GL/K -torsor over Spec(K). For
a purely inseparable extension K ′/K , there is no nontrivial abstract group acting on K ′ fixing K . Instead,
there could be some infinitesimal (or called local) group scheme acting on K ′, and making Spec(K ′) a torsor
over Spec(K). A significant difference is that, there might be more than one group scheme acting on K ′, and
in particular, it is reasonable to expect that they could have different behaviors of ramification.
Many attempts have been studied, especially, the notion of tame action by group schemes has been greatly
developed by various people, cf. [CEPT96]. In [Za16], Zalamansky proved an analogous Riemann–Hurwitz
formula for inseparable covers under infinitesimal diagonalizable group schemes. For more general case, there
still needs new ideas.
In the attempt of finding such a more general ramification including infinitesimal torsors, our basic setting
is as follows. Let K be a local field, OK the ring of integers, and k the residue field. Let G be a group scheme
over OK , and then we start with a GK -torsor PK over Spec(K). The first problem we are facing is that we
need a generalization of the notion of integer rings in the classical theory, in other words, we need to find an
integral model P of PK with extended G-action. In the classical case, this is standard by taking the integral
closure of OK in the extension field, with the natural action by Galois group. In our general setting, a good
candidate is Lewin-Ménégaux’s notion of “minimal models” of torsors over K . The study of Lewin-Ménégaux’s
“minimal model” is our main interest of this paper.
The construction of “minimal model” originated in Raynaud’s paper [Ra67], page 82–83, where he did the
construction for abelian schemes, and intended to claim that it was minimal in the usual sense:
“c) Soient A un anneau de valuation discrète, K son corps de fractions, G une K-variété abélienne qui
possède une bonne réduction sur A, de sorte que G se prolonge en un schéma abélien G sur S = Spec A
et soit X unK-espace principal homogène sous G. Montrons queX se prolonge en un S-schéma projectif
et régulier X (qui sera d’ailleurs un modèle minimal de X dans la terminologie de [2]). ...”
where [2] is [Ne67] in the same volume. Later on, the idea was further developed by Lewin-Ménégaux in her
paper [LM83]. But unfortunately, her paper is very sketchy and left “minimality” unexplained. It turns out
surprisingly, a “minimal model” is not minimal but on contrary maximal, among all the integral models (see
Definition 2.1, Definition 2.2).
1.1 Theorem.[Theorem 3.2] Let G be a flat S-group scheme of finite type, and XK → Spec(K) a GK -torsor.
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We assume that the maximal model X → S exists. Then X is maximal among all the integral models of XK →
Spec(K), namely, if X is another integral model, then there is a unique model morphism X → X .
As our result suggested, we reasonably change the terminology to maximal model. Maximal model has some
pleasant features. For example, it is unique up to isomorphisms if exists,1 and it recovers the integer ring in
the classical situation, i.e., if L/K is a Galois extension with the Galois group GL/K , then the maximal model
of the GL/K -torsor Spec(L) is exactly Spec(OL), where OL is the ring of integers of L. Under a condition of
extension property, maximal models are functorial with respect to group schemes.
1.2 Theorem.[Theorem 3.3] Let ϕ : G → H be a homomorphism of flat S-group schemes of finite type, and
fK : XK → YK a GK -equivariant morphism from a GK -torsor XK to a HK -torsor YK . Suppose that the maximal
models X,Y of XK , YK exist. Moreover, suppose that the following extension property holds:
(E) for some finite flat base change S′/S coming from a finite extension K ′/K of fields, which verifies the
definition of maximal model for X,Y , there exists a section a ∈ X(S′) such that (fK ⊗K ′)(aK ′) extends to
a section b ∈ Y (S′).
Then fK extends to a G-equivariant morphism f which fits into the commutative diagram
GS′ HS′
X Y
ϕS′
πa πb
f
where πa, πb are the finite flat morphisms as in the definition of maximal model, constructed from the sections a and
b. Moreover, if ϕ is faithfully flat, then so is f .
More importantly, maximal models are compatible with inductions, and in particular they are compatible
with quotients.
1.3 Theorem.[Theorem 3.5] Let ϕ : G → H be a homomorphism of flat S-group schemes, XK is a GK -torsor.
Assume that the maximal model X of XK exists. If the induced HK -torsor YK has a maximal model Y , then
IndHGX = X ×
G H is representable by Y .
This property is very necessary and important for building general ramification theory using maximal models.
As for the existence of maximal model, we have the following result concerning maximal models under
semi-direct products:
1.4 Theorem.[Theorem 5.1] Let XK be an GK -torsor over K , and YK = Ind
HK
GK
XK the induced HK -torsor. If
the maximal model Y of YK exists, then the following are equivalent
(1) The maximal model X of XK exists;
(2) The maximal model X → Y of the NYK -torsor XK → YK exists.
Moreover, X is the common maximal model in (1) and (2), if it exists.
1The uniqueness is not merely a consequence of maximality, it is true for maximal models over arbitrary flat S-schemes, provided
existence. See Proposition 2.4. On the other hand, we only have maximality over S.
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Overview. In Lewin-Ménégaux’s paper [LM83], she has proved uniqueness, (only claimed) functoriality of
maximal model, the existence for the case of abelian schemes and finite flat commutative group schemes, and
property of the different. However, her paper is highly sketchy, we give full details and represent her results in
Section 4, 6, and we prove functoriality in Section 3. Besides, we prove the maximality, and the compatibility
with inductions in Section 3. In Section 5, we prove a result on the existence of maximal model of torsors
under a semi-direct product of group schemes. In Section 7, we study and classify maximal models of torsors
under some finite flat group schemes of order p.
Acknowledgement. The author wishes to thank his PhD supervisor Matthieu Romagny, for introducing the
topic and his constant support during the work. He also would like to thank João Pedro dos Santos, Laurent
Moret-Bailly, and Dajano Tossici, for their interest on this work, and very valuable remarks and suggestions.
2 Basic definitions (general setting)
Throughout the paper, we work with the category of separated schemes. When we work over a DVR base
S = Spec(R), we always assume that R is henselian and Japanese. Recall that, being Japanese means that for
any finite extension K ′ of the fraction field K of R, the normalization R′ of R is a finite R-module. Torsors
under group schemes are required to be schemes by definition, unless mention of the contrary.
Let R be a discrete valuation ring, with residue field k and fraction field K . Let S = Spec(R). If Y is a
S-scheme, then we always let YK and Yk be its generic fiber and special fiber respectively.
Let T be a S-scheme. Let G be a flat S-group scheme of finite type, and XK → TK a GK-torsor. First let
us define the notion of integral model of such a torsor.
2.1 Definition. Let XK → TK be a GK -torsor. An integral S-model (or integral R-model) of XK → TK is
a faithfully flat separated morphism X → T of finite type whose generic fiber is isomorphic to XK → TK ,
together with an extended G-action on X . A model morphism between integral models of XK → TK is a
G-equivariant morphism which induces identity on generic fibers.
Among all the integral models, we are interested in finding a convenient one. In this paper, we study the
following notion of maximal model, which serves as a candidate.
2.2 Definition. A maximal S-model (or maximal R-model) of the GK -torsor XK is an integral model X → T
of XK → TK satisfying the following condition: there exists a finite extension K ′/K and a finite flat G-
equivariant morphism f : G×S TS′ → X , where S′ denotes the normalization of S in K ′.
2.3 Remark.
(1) Notice that the original notion in [LM83] is called “minimal model”, where the idea goes back to
Raynaud [Ra67]. We have found it awkward because later we will see that such a “minimal” model is
actually maximal. To avoid further ambiguity, we decided to correct the terminology.
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(2) From the last condition, we have the diagram
GT ′
XT ′ X
T ′ T
g
f
where T ′ := T ×S S′, and f factors through the T ′-morphism g. In particular, the morphism gK ′ on the
generic fiber is an isomorphism of trivial T ′-torsors, since K ′ trivializes XK → TK .
(3) Note that it is meaningless to speak of maximal model of a GK -torsor XK → TK which cannot be
trivialized by any finite extension K ′/K . If the torsor can be trivialized by a finite extension K ′/K ,
and it naturally extends to a G-torsor X → T which is trivialized by the normalization S′/S, then this
G-torsor is automatically a maximal model of XK → TK . Indeed, according to the previous diagram
GTS′
XTS′ X
TS′ T
f
≃
the morphism f is isomorphic to the projection XTS′ → X , which is finite flat since S
′/S is finite flat.
Note that here if the ring R is not Japanese, it may very well happen that such extension S′/S is not
finite, hence it does not verify the definition of maximal model.
2.4 Proposition. A maximal model X of XK , if it exists, is unique up to unique T -isomorphism.
Proof : Let X1 and X2 be maximal S-models of XK . Indeed, we can choose the same finite extension
K ′1 = K
′
2 = K
′/K which trivializes the torsor XK . Let T ′ = T ×S S′ where S′ is the normalization of S in
K ′, and denote the morphisms of two models from GT ′ by
fi : GT ′ := G×S T
′ −→ Xi, i = 1, 2.
The finite flat T -morphism f1 (resp. f2) realizes X1 (resp. X2) as the cokernel of the finite flat groupoids
R1 := GT ′ ×X1 GT ′ ⇒ GT ′ ,
(resp. R2). It is clear that R1|T ′K
∼= R2|T ′K . The morphism f2 : GT ′ → X2 is both R1- and R2-invariant,
since it is invariant on the generic fiber, which implies the invariance by flatness of the groupoid. Therefore it
induces a T -morphism α : X1 → X2 such that f2 ◦ α = f1. Similarly, there is a T -morphism β : X2 → X1
with f1 ◦ β = f2, and we have {
f1 = f2 ◦ α = f1 ◦ (βα)
f2 = f1 ◦ β = f2 ◦ (αβ)
which indicates that βα = idX1 and αβ = idX2 , because f1, f2 are epimorphisms. 
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2.5 Example. Let G be a constant finite group, and K ′/K a finite Galois extension with Galois group G.
Then Spec(K ′) → Spec(K) is a GK-torsor, and it is trivialized by the field extension K ′/K . Let R′ ⊂ K ′
be the normalization of R in K ′, then Spec(R′) → Spec(R) is a maximal R-model. Indeed, the finite flat
G-equivariant morphism is given by projection. In particular, the maximal model Spec(R′) remains to be a
G-torsor if and only if the extension K ′/K of local fields is unramified.
2.6 Example. Let K = k((t)), where k is a field of characteristic p > 0. Consider the purely inseparable
extension L = k((t1/p)) as an αp,K-torsor over K
Spec(L) := Spec(k((t1/p))) −→ Spec(K),
where the αp,K-action is given by 2
t1/p 7−→
t1/p
1 + at1/p
,
here a is the coordinate of αp,K . The action naturally extends to the integer rings OL of L, and the OK-
scheme Spec(OL) is the maximal model of Spec(L) → Spec(K). Indeed, the αp,K-torsor is tautologically
trivialized by L/K , and we have the diagram
αp,OL
Spec(OL ⊗OK OL) Spec(OL)
Spec(OL) Spec(OK)
f
g
where f is clearly finite flat. Here the maximal model is not a torsor, hence it is “ramified”.
3 Maximality and functoriality of maximal models
From now on, we restrict ourselves to maximal models of torsors over a discrete valuation ring S = Spec(R).
The maximality in the name of maximal model agrees with the usual sense that for any integral S-model,
there is a dominant morphism from the maximal S-model to such model.
3.1 Example. Let K = k((t)) be a local field of equicharacteristic where k has characteristic p > 0, its ring
of integers is R = k[[t]]. Consider the constant group G = Z/pZ which we view as a constant group scheme
over R, and PK → Spec(K) the trivial GK -torsor. Obviously its maximal model is the trivial G-torsor
P = Z/pZ → Spec(R). Yet we have another integral model P = Spec(R[a]/(ap − tp−1a)), where the action
of G = Spec(R[e]/(ep − e)) is given by
a 7−→ a+ et.
It is straightforward that this is an integral model of the original GK -torsor, but it is not a maximal S-model.
There is a natural morphism from the maximal model Z/pZ to P
R[a]/(ap − tp−1a) −→ R[e]/(ep − e)
a 7−→ et
2It is the Frobenius of P1k at∞.
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which is a full set of sections in the sense of Katz–Mazur [KM85].
3.2 Theorem. Let XK → Spec(K) be a GK -torsor, we assume that the maximal model X → S exists. Then X
is maximal among all the integral models of XK → Spec(K), namely, if X is another integral model, then there is
a unique model morphism X → X .
Proof : First, we claim that there exists a section y ∈ X (S′) for some finite flat extension S′/S, where S′ is
the normalization of some finite extension of fraction field K . Indeed, since X/S is surjective, we choose a
closed point x0 of the special fiber Xk . Because its local ring OX ,x0 is flat over S, there is a generization x1
of x0. The schematic closure {x1} is irreducible and faithfully flat over S. By Proposition 10.1.36 in [Liu02],
there exists a closed point x′1 of {x1} ⊗K , such that x0 is a specialization of x
′
1. The residue field K
′ of x′1
is a finite extension of K , the normalization S′ of S in K ′ is a DVR, since S is henselian. Let D denote the
schematic closure of x′1, which is naturally an S
′-scheme. Note that D is a subscheme of the separated scheme
XS′ , hence D is also separated. In other words, x0 is the only specialization of x′1, i.e., D only has two closed
points x0 and x′1. In particular, the structral morphism D → S
′ is a homeomorphism. By [SP19] Tag 04DE, D
is affine, and we let A be its algebra of global functions. From the structral morphism D → S′
OS′ A
K
we know that OS′ ⊂ A inK , which forces OS′ ≃ A since A is a local ring. Thus D provides a section in X (S′).
Let S′ → S be a finite flat base change via some extension of fraction field K ′/K , which trivializes the
GK -torsor XK and gives rise to a finite flat morphism GS′ → X . This is guaranteed by the definition.
Moreover by our previous claim, we may assume that there exists a section y ∈ X (S′). Consider the finite flat
groupoid
ΓX := GS′ ×X GS′ ⇒ GS′ → X,
and note that the morphism GS′ → X is effectively epimorphic. The integral point y also gives rise to a
groupoid
ΓX := GS′ ×X GS′ ⇒ GS′ → X
where the map GS′ → X is contructed via
GS′ ≃ GS′ ×S′ S
′ GS′ ×S′ XS′ XS′ X
id×y
The generic fibers of above two groupoids are isomorphic. Notice that ΓX and ΓX are contained in the same
background scheme GS′ ×S GS′ . Since ΓX is flat over S, it is the flat closure of the generic fiber, hence we
have a closed immersion
Γ(X) ≃ schematic closure of Γ(X )⊗K →֒ Γ(X ).
Now the two compositions
ΓX ⇒ GS′ → X
coincide with the restriction of the compositions ΓX ⇒ GS′ → X to ΓX , hence they agree on ΓX . By the fact
that GS′ → X is an effective epimorphism, it induces a unique morphism from X to X
ΓX GS′ X
ΓX GS′ X
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which is an isomorphism on the generic fibers. 
Now let us study the functorial behavior of maximal models. We do not have functoriality for maximal
models in full generality, but only under certain condition.
3.3 Theorem. Let ϕ : G → H be a homomorphism of flat S-group schemes of finite type, and fK : XK → YK
a GK -equivariant morphism from a GK -torsor XK to a HK -torsor YK . Suppose that the maximal models X,Y of
XK , YK exist. Moreover, suppose that the following extension property holds:
(E) for some finite flat base change S′/S coming from a finite extension K ′/K of fields, which verifies the
definition of maximal model for X,Y , there exists a section a ∈ X(S′) such that (fK ⊗K ′)(aK ′) extends to
a section b ∈ Y (S′).
Then fK extends to a G-equivariant morphism f which fits into the commutative diagram
GS′ HS′
X Y
ϕS′
πa πb
f
where πa, πb are the finite flat morphisms as in the definition of maximal model, constructed from the sections a and
b.3 Moreover, if ϕ is faithfully flat, then so is f .
Proof : Indeed, the commutative diagram for generic fibers already exists
GS′ ⊗K HS′ ⊗K
XK YK
ϕS′⊗K
πa⊗K πb⊗K
fK
where fK ⊗K ′ sends aK ′ to bK ′ , and we want to extend it to S. First we claim that the morphism (ϕS′ , ϕS′)
induces the following dashed arrow as a G-equivariant morphism
GS′ ×S GS′ HS′ ×S HS′
GS′ ×X GS′ HS′ ×Y HS′
Ψ
The arrow Ψ already exists over K , the only thing to check is that every image of ΨK extends to S. Indeed,
we may check this condition by passing to S′, and by G-equivariance we only need to have one image of ΨK ′
that extends to S′. This is guaranteed by the extension property, provided by the extension of fK ′(aK ′) to b
in Y (S′).
From the claim, we obtain a morphism of groupoids
GS′ ×X GS′ GS′
HS′ ×Y HS′ HS′
Ψ
3This means that the associated morphism GS′ → XS′ (resp. HS′ → YS′ ) maps the unit section of GS′ to the section a ∈ X(S
′)
(resp. b ∈ Y (S′)).
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hence it induces a G-equivariant morphism f : X → Y which extends fK .
If ϕ is faithfully flat, we apply the fiberwise criterion for flatness. By restricting f : X → Y to fibers, we
obtain fibers of homomorphisms ϕ : G → H , which are all flat. Since ϕS′ , πX , πY are all faithful, it implies
that f is also faithful. 
3.4 Remark. The condition (E) holds, for example, if the group schemes are proper smooth or finite flat
commutative. Since in these cases, maximal models exist and they are proper, cf. Prop 4.1.3, Prop 4.2.1.
Another nice property of maximal model is the compatibility with inductions. Let ϕ : G → H be a
homomorphism of flat S-group schemes of finite type, and XK is a GK -torsor over Spec(K) whose maximal
model exists and is denoted by X . Let YK be the induced HK-torsor4
YK := Ind
HK
GK
XK = XK ×
GK HK ,
and moreover we assume that its maximal model Y exists. In case that X is an actual G-torsor, we know that
Y ≃ X ×G H is the induced H-torsor. In general, this isomorphism remains true.
3.5 Theorem. Let ϕ : G → H be a homomorphism of flat S-group schemes of finite type, XK is a GK -torsor.
Assume that the maximal model X of XK exists. If the induced HK -torsor YK has a maximal model Y , then
IndHGX = X ×
G H is representable by Y .
Proof : We only need to verify the universal property of induction for Y . Let Z be an S-scheme acting by H ,
with an G-equivariant morphism from X
X Z
Y
We want to construct the dashed arrow as an H-equivariant morphism from Y , and to show that it is unique.
The dashed arrow is already uniquely defined on the generic fiber, namely, we have a unique factorization by
an HK-equivariant morphism from YK
XK ZK
YK
In particular, if there exist two H-equivariant morphisms Y → Z which extend YK → ZK , then they must
coincide.
Let ΓK be the graph of the morphism YK → ZK , and let Γ be the schematic closure of ΓK in Y × Z .
The HK-action on ΓK naturally extends to an H-action on Γ. Since ΓK is isomorphic to YK , the schematic
closure Γ is an integral model of YK . By maximality of Y , the model morphism Γ → Y is necessarily an
isomorphism, and hence we obtain the unique factorization
X Z
Y ≃ Γ
4Here the induced torsor is a priori only an algebraic space. In the results concerning induction, torsors are allowed to be algebraic
spaces. The theory of maximal model extends to the setting of algebraic spaces without essential difficulties.
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3.6 Corollary. Let ϕ : G → H be a faithfully flat homomorphism of flat S-group schemes of finite type with
N = ker(ϕ). Let XK be a GK -torsor and assume that its maximal model X exists, and let YK be the induced
HK -torsor Ind
HK
GK
XK . If the maximal model Y of YK exists, then the induction Ind
H
GX and the quotient X/N are
representable by Y .
Proof : Representability of IndHGX is by Theorem 3.5. We claim that X/N is representably by Ind
H
GX . To
show this, We verify the universal property of quotient for IndHGX . Let F : X → Z be an N -invariant
map. Consider the map F˜ : G × X → Z by sending (g, x) to f(gx). With the N -action on G ×X via left
multiplication on G, and by the N -invariance of F , the map F˜ factors through H ×X
G×X Z
H ×X
F˜
/N F˜ ′
Since F˜ ′ is G-invariant, it induces a map
IndHGX = (H ×X)/G −→ Z
and we obtain a factorization
X Z
IndHGX
The uniqueness of this factorization follows from the uniqueness on the generic fiber. Therefore IndHGX = Y
represents the quotient X/N . 
4 Existence of maximal models
In this section, we review the results of Lewin-Ménégaux [LM83] on the existence of the maximal model of a
torsor over Spec(K) under proper smooth group schemes and finite flat commutative group schemes, and we
provide full details.
4.1 The case of proper smooth group schemes
Note that by Stein factorization, a proper smooth S-group scheme is an extension of a finite étale S-group
scheme by an abelian scheme. Since Lewin-Ménégeaux’s proof does not depend on geometric connectivity,
hence it immediately extends to proper smooth case. Let G be a proper smooth S-group scheme. Suppose that
we have a GK -torsor XK over K , trivialized by a finite extension K ′/K of fields, i.e., we have the diagram
XK ′ GK ′
XK
∼
v
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we then obtain a finite flat GK-equivariant K-morphism v.
Let S′ be the normalization of S in K ′. Consider the graph Z = GK ′ ×XK GK ′ ⊂ GK ′ ×K GK ′ of the
equivalence relation defined by v, and let Z be the schematic closure of Z in GS′ ×S GS′ .
4.1.1 Lemma. The projection p1 : Z → GS′ is finite flat.
Proof : Since v : GK ′ → XK is GK -equivariant, the schematic closure Z is stable by the diagonal G-action
on GS′ ×S GS′ . Hence the projection p1 : Z → GS′ is also G-equivariant.
We show that p1 is surjective. Indeed, since p1 is proper, and its image contains the generic fiber of GS′
which is dense, hence it is surjective. Next we show that p1 is finite. It suffices to prove that p1 is quasi-finite,
then finiteness follows from properness of Z . Notice that we have
dimZk = dimZK = dimGK ′ = dimGS′ ⊗ k
since Z and GS′ are both flat over S. Thus over an open dense subscheme of GS′ , p1 is quasi-finite. By the
G-action and the G-equivariance of p1, it is therefore quasi-finite.
Finally we show the flatness of p1. Let η′ be a generic point of the special fiber of GS′ , then the local ring
O = OGS′ ,η′ is a discrete valuation ring. Notice that here we use the smooth condition of G, hence it satisfies
Serre’s R1 condition. We have the cartesian squares
ZO GS′ ⊗O Spec(O)
Z GS′ ×S GS′ GS′
flat
where ZO is the schematic closure of ZK ⊗ Frac(O), because the formation of schematic closure commutes
with flat base change Spec(O)/S′ of discrete valuation rings. Thus ZO is flat over O, the morphism p1 is flat
over an open subscheme. By G-equivariance of p1, it is therefore flat. 
4.1.2 Lemma. Let Y be a flat S-scheme, and Γ ⊂ Y ×S Y . Suppose that
(1) Γ is the schematic closure of ΓK ⊂ YK ×K YK and ΓK defines a flat equivalence relation over YK ;
(2) The two projections Γ⇒ Y are flat.
Then Γ defines a flat equivalence relation over Y .
Proof : To show that Γ defines a flat equivalence relation on Y , we need three morphisms:
1. Reflexivity e : Y → Γ;
2. Symmetry i : Γ→ Γ;
3. Transitivity Γ×p1,Y,p2 Γ→ Γ, where p1, p2 are two projections Γ⇒ Y .
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For reflexivity, the morphism eK is induced by the diagonal
Y Γ Y × Y
YK ΓK YK × YK
e
∆
eK
∆K
by taking schematic closures, we see that the image ∆(Y ) lies in Γ, hence it induces the reflexivity morphism
e : Y → Γ. The morphisms of symmetry and transitivity are obtained similarly. 
4.1.3 Proposition. Let G be a proper smooth group scheme over S, and XK is a GK -torsor over K . Then there
exists a maximal S-model X of the torsor XK , it is proper over S and regular.
Proof : The construction of a maximal S-model X of XK is by taking the groupoid quotient
Z ⇒ GS′ → X
where the right arrow is the required finite flat G-equivariant S-morphism in the definition of the maximal
model. Indeed, by [SGA3-1] Exposé V, Théorème 4.1, X is representable by a scheme. The properness of X
follows from faithfully flat descent, and the regularity follows from [EGA] IV, Proposition 17.3.3. 
4.2 The case of finite flat commutative group schemes
In this section, let G be a finite flat commutative S-group scheme. It is well-known that G can be embedded
into an abelian S-scheme A (cf. [BBM82] Théorème 3.1.1), and one has an exact sequence
0 G A B 0
where B := A/G is also an abelian scheme. Given a G-torsor P , one can form the induced A-torsor
(P × A)/G,5 which induces a trivial B-torsor. Conversely, given an A-torsor P ′ which induces a trivial
B-torsor, the preimage of the unit section of
P ′ −→ (P ′ ×B)/A = B
gives a G-torsor. The processes are mutually inverse.
4.2.1 Proposition. Let XK be a GK -torsor over K . Then there exists a maximal model X of XK , which is finite
flat over S. Moreover, X is a complete intersection over S.
Proof : Let YK be the AK -torsor induced by the GK -torsor XK . By Proposition 4.1.3, there is a maximal
model Y of YK . Let X be the schematic closure of XK in Y . The A-action on Y induces the extended
G-action on X . We claim that X is the maximal model of the GK -torsor XK .
5Here the induced A-torsor (P × A)/G is indeed representable by a scheme, by [SGA3-1] Exposé V, Théorème 4.1.
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Let K ′/K be a field extension which trivializes the AK-torsor YK , and S′ the normalization of S in K ′.
From the commutative diagram
GS′ AS′ BS′
X Y B
it induces a finite flat G-equivariant S-morphism GS′ → X . Therefore X is the maximal model of XK . The
fact that X/S is a complete intersection is indicated from that X ⊂ Y is defined by the preimage of the unit
section of Y → B. 
4.2.2 Remark. From the proofs of Proposition 4.1.3 and Proposition 4.2.1, for any finite extension K ′/K
which trivializes the GK-torsor XK , it is always possible to construct a finite flat G-equivariant S-morphism
GS′ → X , where S′ is the normalization of S in K ′, and X is the maximal model. Thus the requirement
for K ′/K in the definition of the minimal model is only to trivialize XK , in the case of proper smooth group
schemes and finite flat commutative group schemes.
5 Maximal model of torsors under a semi-direct product
Let G = N ⋊H be a flat S-group scheme, where N ⊳ G is a flat normal subgroup scheme. In this section,
we study relations between maximal models under G and those under N and H .
5.1 Theorem. Let XK be an GK -torsor over K , and YK = Ind
HK
GK
XK the induced HK -torsor. If the maximal
model Y of YK exists, then the following are equivalent
(1) The maximal model X of XK exists;
(2) The maximal model X → Y of the NYK -torsor XK → YK exists.
Moreover, X is the common maximal model in (1) and (2), if it exists.
Proof : (1) ⇒ (2): We only need to check that the morphism X → Y is indeed the maximal model of the
NYK -torsor XK → YK . Let S
′/S be a finite flat base change that verifies the definition of X and Y being the
maximal models of XK and YK respectively. Then we have the following N -equivariant diagram
GS′×S′ X
NS′ ×S HS′
NS′ ×S Y NY ×Y YS′
finite flat
finite flat
∼
where the up left equality is as schemes with NS′-action. The right vertical map is NY -equivariantly induced
by
YS′ −→ XS′ −→ X
where the first arrow is induced by an inclusion H →֒ G. By the fiberwise criterion of flatness, the morphism
NY ×Y YS′ −→ X
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is finite flat. Hence X → Y is the maximal model of XK → YK .
(2) ⇒ (1): Let h denote the morphism Y → S. The NY -action on X as an Y -scheme induces an N -action
on X as an S-scheme as follows
N h∗NY h∗AutY (X) AutS(X)
and clearly the generic fiber of this action is the NK -action on XK induced from the normal subgroup
NK ⊳ GK .
Let S′/S be a finite flat base change that verifies the definition of Y and X → Y being the maximal
models of YK and XK → YK respectively. Then we have a finite flat morphism
N ×S YS′ = NY ×Y YS′ −→ X
We claim that the H-action on the left (acting on N and Y ) descends to X . Let Θ denote (N ×S YS′) ×X
(N ×S YS′). The two compositions H ×S Θ⇒ X from the following diagram
H ×S Θ H ×S (N ×S YS′) H ×S X
N ×S YS′ X
H-action
coincide on their generic fibers, hence they agree. Since the top row is a flat groupoid because of flatness of
H/S, it induces the dashed arrow, which is the descent H-action on X . Consequently, we obtain the G-action
on X , whose generic fiber coincides with the GK -action on XK .
Finally we need to verify that X is indeed the maximal model of X . The following diagram
GS′×S′ X
NS′ ⋊S HS′
NS′ ×S Y NY ×Y YS′
∼
is G-equivariant, and the top horizontal map is finite flat. 
5.2 Remark. It is crucial that G is a semi-direct product, rather than a general extension of flat S-group
schemes. If the short exact sequence
0 N G H 0
does not split, then the right vertical map in the above diagram could not be defined. In other words, in
general the NH-torsor G→ H is not the maximal model of its generic fiber, unless the sequence splits after a
finite extension S′/S which is the normalization of a finite extension K ′/K of local fields.
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6 The ideal sheaf of different and transitivity formula
In this section, let G/S be either a proper smooth scheme or a finite flat commutative group scheme, XK
an GK -torsor, and X is the maximal model of XK . Let h : G → S and π : X → S denote the structure
morphisms. In the two cases, X is either regular or a local complete intersection, where for either case one
can define the dualizing sheaf of X . Let ωG/S, ωX/S be the dualizing sheaves of G/S and X/S, and ω an
invertible sheaf on S such that h∗ω = ωG/S .
Let us summarize all the necessary notations in the following commutative diagram
S G
G×S X
X X ×S X X
1
h
σ
λ
q2
q1
ǫ
π
p1 p2
where
• p1, p2 are projections from X ×S X ,
• q1, q2 are projections from G×S X ,
• ǫ is induced from the unit section of G,
• σ is the morphism of G-action,
• λ is (σ, q2).
There is a trace map from the composition p2 ◦ λ = q2
Trλ : λ∗ωG×SX/X −→ ωX×SX/X ≃ p
∗
1ωX/S
where the structure morphisms of G×S X/X and X ×S X/X are q2 and p2 respectively. Note that
ωG×SX/X = q
∗
1ωG/S = q
∗
1h
∗ω = q∗2π
∗ω = λ∗p∗2π
∗ω
hence the trace Trλ and the adjunction 1→ λ∗λ∗ induce
p∗2π
∗ω p∗1ωX/S
λ∗λ
∗p∗2π
∗ω
α
Trλ
Let ϕ = (λǫ)∗α : π∗ω → ωX/S , which is an isomorphism on the generic fiber. The different ideal sheaf of
X/S is defined by δX/S := π
∗ω⊗OX ω
−1
X/S .
6 It turns out that this ideal sheaf of different measures how far the
maximal model X is from being a torsor under G. It plays a similar role as the usual different in the classical
ramification theory of local fields.
6Though a priori δX/S is only a sheaf of modules, it is the image of the injection
ϕ⊗ id : pi∗ω ⊗OX ω
−1
X/S −→ ωX/S ⊗ ω
−1
X/S ≃ OX
hence a genuine sheaf of ideals.
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6.1 Proposition. δX/S ≃ OX if and only if X is a G-torsor over S.
Proof : The “if” part is straightforward, since λ is an isomorphism and thus Trλ is an isomorphism as well.
If ϕ is an isomorphism, then α is an isomorphism along the diagonal. Notice that α is equivariant with respect
to the G-action on the first factors of G ×S X and X ×S X , therefore α is an isomorphism. It implies that
the trace homomorphism Trλ is surjective. Then the proposition follows from the next lemma, applying to
T = X , Y = X ×S X and Y ′ = G×S X . 
6.2 Lemma. Let T be a flat S-scheme, and λ : Y ′ → Y a finite morphism of T -schemes, and we assume that
Y/T and Y ′/T have locally free dualizing sheaves ωY/T , ωY ′/T . Suppose that λ is an isomorphism over an open
schematically dense subset of Y . If Trλ : λ∗ωY ′/T → ωY/T is surjective, then λ is an isomorphism.
Proof : It suffices to show the following: Let A → B be a homomorphism of flat R-algebras, such that B is
finite as an A-module, and AK → BK is an isomorphism. If the trace map
Tr : HomA(B,A) −→ A
is surjective, then A→ B is an isomorphism.
Indeed, if Tr is surjective, it means that there is an A-homomorphism u : B → A such that u(1) = 1.
Note that we have uK(1) = 1 and hence uK : Bk → AK is an isomorphism. By flatness, we have B ⊂ BK .
From the diagram
B A
BK AK
u
uK
∼
we see that u is injective, hence it is bijective and the inverse of A→ B. 
The next proposition is the transitivity formula for the different δX/S .
6.3 Proposition. Let
1 G′ G G′′ 1
β
be an exact sequence of S-group schemes (proper smooth schemes or finite flat commutative group schemes). Let
XK → X
′′
K be a morphism of torsors under GK and G
′′
K (compatible with βK ), and g : X → X
′′ the extended
S-morphism of their maximal models. Then
(1) X is the maximal X ′′-model of the X ′′K -torsor XK under the group G
′
K ×K X
′′
K ;
(2) δX/S ≃ δX/X′′ ⊗ g
∗δX′′/S .
Proof : Firstly, it is clear that XK → X ′′K is a torsor under the X
′′
K -group scheme G
′
K ×K X
′′
K . Let K
′/K
be a finite extension of fields which trivializes the torsors XK and X ′′K , and S
′ the normalization of S in K ′.
Then one has the following diagram
1 G′S′ GS′ G
′′
S′ 1
X X ′′
g
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the composite morphism G′S′ → X gives the finite flat (G
′ ×S X
′′)-equivariant X ′′-morphism
(G′ ×S X
′′)S′ = G
′
S′ ×S′ X
′′
S′ −→ X
which proves (1). The transitivity formula (2) follows from the transitivity for dualizing sheaves. 
7 Examples of maximal models under finite flat group schemes of order p
Throughout this section, R is a complete discrete valuation ring with the perfect residue field k of characteristic
p > 0, and the fraction field K . Let π ∈ R be a uniformizer. Moreover, we assume that K contains a p-th
root of unity whenever char(K) 6= p. In the cases of µp and αp, we assume that the characteristic of K is p.
We will use the following lemma during this section.
7.0.1 Lemma. Let G/S be a finite flat group scheme, and PK = Spec(K ′) a GK -torsor over K , where K ′/K is a
finite extension of fields. Let P denote the normalization of S in K ′. If the GK -action on PK extends to a G-action
on P , then P/S is the maximal model of PK/K .
Proof : Indeed, the torsor PK is tautologically trivialized by itself K ′/K . We have the following diagram
GP
PP P
P S
m
pr2
where m is the G-action morphism. In order that P/S is the maximal model, we need to show that m is finite
flat. The morphism m decomposes as
G× P G× P P
pr1×m
∼
pr2
hence m is finite flat by the fact that pr2 is finite flat. 
7.1 The étale-local group scheme (Z/pZ)R
A torsor over K under Z/pZ is described by Kummer theory if char(K) 6= p, by Artin–Schreier theory if
char(K) = p. Such a torsor is either a trivial one, or has the form Spec(L) where L/K is a cyclic Galois
extension of order p.
The maximal model of a trivial torsor is the trivial torsor over R. In the nontrivial case, let R′ be the inte-
gral closure of R in L. Since Z/pZ-action extends to the normalization Spec(R′), it is therefore the maximal
model by Lemma 7.0.1.
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7.2 The local-étale group scheme µp,R
By Kummer theory, a µp,K-torsor over K has the following form
Pf = Spec(Kf ) := Spec
(
K[X]/(Xp − f)
)
where f ∈ K×, and we assume f /∈ (K×)p, which is equivalent to Pf being nontrivial. The µp,K-action is
given by
µp,K × Pf −→ Pf
(z, x) 7−→ z · x
We write f = uπi for u ∈ R× and 0 6 i 6 p− 1. The situation separates into two cases:
Case I. i = 0. In this case, Pf naturally extends to a µp,R-torsor
P˜f := Spec
(
R[X]/(Xp − f)
)
which is trivialized by the normalization of R in Kf . Hence it is the maximal model of Pf , cf. Remark 2.3
(3). Note that only in this case, there could be maximal models which are not regular. If u modulo π is not a
p-power, then R[X]/(Xp−u) is a discrete valuation ring, and the maximal model is regular. If u is a p-power
modulo π, let us write
u = αp + πrβ
for a maximal r > 1, where α, β ∈ R×. The existence of such maximal r is clear, since otherwise u would be
a p-power element in R. Let Y = X − α, we see
R[X]
(Xp − u)
=
R[Y ]
(Y p − πrβ)
thus the maximal model is not regular if r > 1.
Case II. i > 0. In this case, we will see that the maximal model is always the normalization. Let m,n ∈ N
with mi− np = 1, and τ := π−nXm ∈ Kf . Then
R[τ ] = R[T ]/(T p − umπ)
is a discrete valuation ring and it is the normalization of R in Kf . The µp-action naturally extends to
Spec(R[τ ]) by
µp,R × Spec(R[τ ]) −→ Spec(R[τ ])
(z, τ) 7−→ zm · τ
thus Spec(R[τ ]) is the maximal model of Pf by Lemma 7.0.1.
7.3 The local-local group scheme αp,R
From the short exact sequence
0 αp,K Ga,K Ga,K 0
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we know that H1(K,αp) ≃ K/Kp, so an αp-torsor over K has the form
Pf = Spec(Kf ) := Spec
(
K[X]/(Xp − f)
)
where f ∈ K and we assume f /∈ Kp. The αp,K-action is given by
αp,K × Pf −→ Pf
(a, x) 7−→ x+ a
We write f = uπi for u ∈ R× and |i| > 1, this is always possible by choosing an appropriate representative of
[f ] ∈ K/Kp, which represents the same isomorphism class of Pf . The situation also separates into two cases:
Case I. i > 0. In this case, Pf naturally extends to an αp,R-torsor
P˜f := Spec
(
R[X]/(Xp − f)
)
and it is the maximal model of Pf . Moreover, P˜f is regular if and only if i = 1.
Case II. i < 0. First, we change the coordinate by Y = X−1,
Pf = Spec
(
K[Y ]/(Y p − u−1π−i)
)
and the αp,K-action goes by
αp,K × Pf −→ Pf
(a, y) 7−→
y
1 + ay
Let m,n ∈ N with m · (−i)− np = 1, and let τ = π−nY m. Then
R[τ ] = R[T ]/(T p − u−mπ)
is the normalization of R in Kf . The αp,K-action extends to P˜f := Spec(R[τ ]) by
αp,R × P˜f −→ P˜f
(a, τ) 7−→
τ
(1 + aunτ−i)m
therefore P˜f is the maximal model of Pf by Lemma 7.0.1, and it is always regular.
7.4 The congruence group schemes Hλ
Let λ ∈ R be an element satisfying
vR(λ) 6
vR(p)
p− 1
in particular, the condition is void if R has characteristic p. The congruence R-group scheme Hλ of level λ has
the underlying scheme structure
Hλ = Spec
R[x](
(1 + λx)p − 1
)
/λp
and the group law is given by
x1 ◦ x2 = x1 + x2 + λ · x1x2.
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Let µ := p/λp−1 (if λ = 0, then let µ ∈ R), this is an element of R by looking at its valuation
vR(µ) = vR(p)− (p− 1)vR(λ) > 0.
Then the group scheme Hλ fits into a Kummer-type sequence (cf. [AG07], Appendix A)
0 Hλ G
λ Gλ
p
0
ϕλ
where Gλ is an affine smooth one-dimensional R-group scheme with the underlying scheme structure
Gλ = Spec
(
R
[
x,
1
1 + λx
])
and the group law
x1 ◦ x2 = x1 + x2 + λ · x1x2.
The isogeny ϕλ is defined explicitly by
ϕλ(x) :=
(
(1 + λx)p − 1
)
/λp = xp +
p−1∑
i=1
1
p
(
p
i
)
λi−1µxi.
We have the following result on structure of the special fiber (Hλ)k :
7.4.1 Lemma.[[AG07] Lemma 2.2]
(Hλ)k =


µp,k if vR(λ) = 0;
αp,k if vR(p) =∞, vR(λ) > 0;
αp,k if ∞ > vR(p) > (p− 1)vR(λ) > 0;
Z/pZ if ∞ > vR(p) = (p− 1)vR(λ).
In the following, we will calculate the maximal model under assumptions 0 < vR(λ) <∞ and vR(p) =∞.
Under our assumptions, we have µ = 0, hence ϕλ(x) = xp, and the congruence group scheme Hλ is local.
An (Hλ)K -torsor Pf has the form
Pf := Spec
(
K[W ]/(W p − f)
)
with f ∈ K . We assume that Pf is nontrivial, hence f 6= 0. The action is given by
(Hλ)K × Pf −→ Pf
(x,w) 7−→ x+ w + λxw
7.4.2 Lemma. If vR(f) > 0, then Pf extends to an Hλ-torsor.
Proof : If vR(f) > 0, we claim that P˜f = Spec
(
R[W ]/(W p − f)
)
is an Hλ-torsor. It is clear that the
(Hλ)K-action on Pf extends to an Hλ-action on P˜f via the same formula. We need to show that the following
morphism is an isomorphism
Hλ × P˜f −→ P˜f × P˜f
R[W1,W2]
(W p1 − f,W
p
2 − f)
−→
R[x,W ]
(xp,W p − f)
W1 7−→ x+W + λxW
W2 7−→ W
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We can write an inverse morphism formally as
W 7−→ W2
x 7−→
W1 −W2
1 + λW2
Notice that
1
1 + λW2
=
p−1∑
i=1
( ∞∑
k=0
(−λ)i+kpfk
)
W i2
the valuation of each term in the coeafficient of W i2
vR((−λ)
i+kpfk) = ivR(λ) + k(vR(f) + pvR(λ))
turns to +∞ as k → +∞. Hence each coefficient converges, and this formal inverse is an actual inverse. Thus
P˜f is an Hλ-torsor which extends Pf . 
Consequently, in the case vR(f) > 0, the extended Hλ-torsor P˜f is the maximal model of Pf .
7.4.3 Lemma. If vR(f) < 0, then the (Hλ)K -action on Pf extends to its normalization.
Proof : Write f = δπ−i for some δ ∈ R× and i ∈ N, and let m,n ∈ N such that mi− np = 1. We change the
coordinate W 7→ U−1 of Pf , and the (Hλ)K -action on Pf goes like
(Hλ)K × Pf −→ Pf
(x, u) 7−→
u
1 + ux+ λx
As in previous lemma, let P˜f denote the R-scheme Spec
(
R[U ]/(Up − f−1)
)
. Let Pf be the normalization of
P˜f , which is
Pf −→ P˜f
R[U ]/(Up − δ−1πi) −→ R[T ]/(T p − δ−mπ)
U 7−→ δnT i
Then the Hλ-action on P˜f extends to Pf as follows
Hλ ×Pf −→ Pf
(x, τ) 7−→
τ
(1 + δnτ ix+ λx)m
Hence the normalization Pf is the maximal model of Pf in this case. 
7.4.4 Remark. The two situations are not entirely disjoint, it may happen that the R-scheme P˜f is an Hλ-
torsor and it is already regular. For example, this happens if f = π.
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8 Appendix: A result of non-flat descent
In this appendix, we show a result on certain morphisms being effectively epimorphic. For the definition of
effective epimorphism, see [FGA] 212-03.
Let us recall the definition of pure morphism. We fix a base scheme S = Spec(R), where R is a discrete
valuation ring, K its fractional field, k its residue field. We denote the henselization of S by Sh, and corre-
spondingly Xh by X ×S Sh.
8.1 Definition. Let X be a S-scheme locally of finite type. It is called S-pure if the closure of any associated
point of the generic fiber of Xh meets its special fiber.
8.2 Lemma. Let u : Z ′ → Z be an S-morphism between finite flat S-schemes. If u is schematically dominant,
then u is an effective epimorphism.
Proof : Let A,A′ be the function algebras of Z,Z ′ respectively. Since u is finite, by [SGA1] Exposé VIII,
Proposition 5.1, it is an effective epimorphism if the sequence
A A′ A′ ⊗A A
′
is exact. The first map is injective by assumption. Let {e1, e2, ..., en} be a basis for A′ with e1 = 1.7 By the
structure theorem for modules over a principal domain, there are natural numbers a2 6 ... 6 am with m 6 n
such that {1, πa2e2, ..., πamem} is a basis for A. Moreover, {ei ⊗R ej} is a basis for A′ ⊗R A′, and A′ ⊗A A′
is a quotient of it by the submodule generated by elements of the form πai(ei ⊗R 1− 1⊗R ei) for 2 6 i 6 m.
Let x = x1+
∑n
i=2 xiei ∈ A
′ such that x⊗A1 = 1⊗Ax in A′⊗AA′, then there are elements y1, ..., ym ∈ R
with
n∑
i=2
xi(ei ⊗ 1− 1⊗ ei) =
m∑
i=2
yiπ
ai(ei ⊗ 1− 1⊗ ei),
theerefore x = x1 +
∑m
i=2 yiπ
aiei is in A. 
The main result of this appendix is the following
8.3 Proposition. Let u : Z ′ → Z be a finite morphism between flat S-schemes of finite type, such that uK is an
effective epimorphism. Then u is an effective epimorphism, and it remains true after any flat finite type base change
T → S.
Proof : It suffices to prove it over the henselization Sh of S, so we assume S is henselian and keep the same
notations. Let Z ′′ := Z ′ ×Z Z ′ and v Z ′′ → Z denotes the canonical map. Since u is finite, we need to show
that the sequence
OZ u∗OZ′ v∗OZ′′
pr1
pr2
is exact. Since Z,Z ′ are flat, and uK is schematically dominant, the first arrow is injective.
7This is possible, since A′ is a finite free module, and the sequence 0→ R→ A′ → A′/R→ 0 splits.
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Let us show the exactness in the middle. The question is Zariski local on Z . Note that the exactness
over the open ZK is clear, since uK is an effective epimorphism. It remains to show the exactness over the
neighborhood of the special fiber. By [Rom12] Lemma 2.1.7 and Lemma 2.1.11, for any fixed point z ∈ Z in
the special fiber, we can find an affine open neighborhood which is S-pure. By restricting Z ′, Z ′′ to such an
affine open, we reduce to the case where Z is affine and S-pure. Now, it suffices to prove that for any function
f ′ : Z ′ → A1R such that pr
∗
1f
′ = pr∗2f
′, then f ′ descends to f : Z → A1R. By op.cit. Proposition 3.2.5, it
is sufficient to check it on the generic fiber and all finite flat closed subschemes of Z . Indeed, since uK is
an effective epimorphism, we already have the descent function on ZK . For finite flat closed subschemes, by
restricting Z ′, Z ′′ to a finite flat subscheme of Z , we can apply Lemma 8.2 to descend f ′ to Z .
Finally, after any flat finite type base change T → S, the generic fiber of the morphism uT : Z ′T → ZT is
still an effective epimorphism. Hence by applying the result in the first part, we conclude that uT is an effective
epimorphism. 
8.4 Remark. Recall that in the definition of maximal mode, we have a finite flat morphism f : GTS′ → X ,
see Remark 2.3 (2). By Proposition 8.3, the induced non-flat morphism g : GTS′ → XTS′ is an effective
epimorphism.
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